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Coding: The General Problem
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Classical Coding Theory
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Codes for Symmetric Symbol Errors



Multi-Level Flash Storage
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Dominant Flash Errors

Word Line Word Line WordlLine Word Line Word Line Word Line

Dielectrics Dielectrics Extorry Dielectrics I“ I' Dielectrics I“ I' Dielectrics I“ I' Dielectrics
\ \ Floating Gate | Floating Gate | Floating Gate |
n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line
p-substrate 5‘ p-substrate 5‘ p-sulistrate 5‘ p-substrate 5‘ p-substrate 5‘ p-substrate
Word Line Word Line WordlLine Word Line Word Line Word Line
Dielectrics Dielectrics RASSTIN Sats Dielectrics I“ I' Dielectrics I“ I' Dielectrics I“ I' Dielectrics
\ \ ate Floating Gate | Floating Gate | Floating Gate |
n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line
p-substrate 5‘ p-substrate 5‘ p-sulistrate 5‘ p-substrate 5‘ p-substrate 5‘ p-substrate
Word Line Word Line Word Line Word Line Word Line
External Gate External Gate External Gate External Gate External Gate
Float ate Floating Gate Fl Floating Gate Floating Gate
n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain n-Source n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line
p-substrate 5‘ p-substrate p-sulistrate 5‘ p-substrate 5‘ p-substrate 5‘ p-substrate
Word Line Word Line Word Line Word Line Word Line
Dielectrics Dielectrics Extorry Dielectrics I“ I' Dielectrics I“ I' Dielectrics I“ I' Dielectrics
\ \ Floating Gate | Floating Gate | Floating Gate |
n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line n-Source ‘ n-Drain — Bit Line
p-substrate 5‘ p-substrate 5‘ p-sulistrate 5‘ p-substrate 5‘ p-substrate 5‘ p-substrate
Word Line Word Line WordgLine Word Line Word Line Word Line

Dielectrics Dielectrics RASSTIN Sats Dielectrics RN S48 Dielectrics Dielectrics Dielectrics
Floating Gate | ate Floating Gate |
n-Source ‘ n-Drain |— Bit Line n-Source ‘ n-Drain |— Bit Line n-Source ‘ n-Drain |— Bit Line n-Source ‘ n-Drain — Bit Line —Bit Line n-Source ‘ n-Drain — Bit Line

p-substrate ! p-substrate ! p-su§strate ! p-substrate ! p-substrate ! p-substrate

Word Line Word Line WordgLine Word Line Word Line Word Line

Extern)

Dielectrics Dielectrics Dielectrics Dielectrics Dielectrics Dielectrics

Floating Gate | Floating Gate | Floating Gate | Floating Gate | Floating Gate |

n-Source ‘ n-Drain — Bit Line

p-substrate ! p-substrate ! p-su§strate ! p-substrate ! p-substrate ! p-substrate

n-Drain — Bit Line n-Source ‘

n-Drain — Bit Line n-Source ‘

n-Drain — Bit Line n-Source ‘

n-Drain — Bit Line n-Source ‘

n-Drain — Bit Line n-Source ‘




Multl-Level Flash Errors
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Asymmetric Limited-Magnitude

Errors
Stored: c=|c1,c2,...,cn] €Q"
Corrupted: r=ri,re,...,mn] €Q"
Asymmetric ——
Cimited- 0<r;—c; <{), wg(¥—2c) Lt
Magnitude +
Errors

Research Problem:

Code (C C Q"™ thatcorrects t A/M errors

Foreach (n,/,t)




Example, t=1,4=1

18 information bits n=7 8-ary cells (g=8)

111]0 - € X g, the Binary Homming Code
0O/1|1/1/0]|1
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Decoding Example

5|3 2|57
AlM)
5|4
:
-1
5|3 2|57

Decode ),



Systematic ALM Codes, t=1,¢=1

o0 0|1
H-ﬂzg

Encodinge

n =15 4-ary cells (g=4)

2223333
1230123

I 1 2 2
2 30 3




Sufficient and Necessary Condition

n =15 4-ary cells (g=4)

011112222333
301230123201 2

0 0 3
1 2 3

Unique syndromes to

Correcting 1 errore  «~—
1-error events



Unigue syndromes to
1-error events

Algebraic Condition

n =15 4-ary cells (g=4)

0 1 222333 3]
3 1 1230123

1 I 1 2 2
0 2 30 3

0 0
1 2
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NO! (+1) +[s4 =E

NO! (+1) {s¢|= (+1) "5,




Systematic ALM Codes, t=1,¢=2

10
H— L

Encoding

n=12 5-ary cells (g=95)
1 1 1 1 4 4 4 4
1 2 3 4 0 1 2 3
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Algebraic Condition, ¢ =2

n=12 5-ary cells (g=95)
0 1 1 1 1 1 4 4 4 4 4
4 01 2 3 4 01 2 3 4

0
1

NO! a1 '|1S1| = Ay "S>

a, a, € {+1,+2}




Decoding Example, ¢ =2

n=12 5-ary cells (g=95)

4
1

—

1
H = 1

0 1
4 0

0 4 4 4
1 1 2

11 1
2 3 4 0
= [3]

Was it a (+1) errore NoO.
It was a (+2) error. Where?2 (+2)7'+3=3-3 =(4/mod 5

Lol

Received syndrome:

Where exactlye (+2)71-1=3-1=|3|mod5




Single Error Correction through
B,[0,£] Sefts

Definition — B, [0, €](q) set:
For a set B of size m, define

Q(B) ={ibmodgqg | b € B,i €[0,7]}.
Then B is a B;[0,?](q) set Iff
|Q(B)| = #m + 1.

Examples:

B,[0,1](4) = {1,2,3} B,[0,2](5) = {1,4} or {2,3}
Q(B) = {0,1,2,3}. Q(B) = {0,1,2,3,4}.



Construction from B4[0, £] Sets

Examples:

1) B;10,1](4) = {1,2,3}




29 Step Correctness

1) B;10,1](4) = {1,2,3}
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29 Step Correctness

2) B110,2](5) = {1,4}

H00111114444
1 410 1 2 3 410 1 2 3
ax, + ax,
ax + 0
gcd(a,q) =1

gcd(f,q) =1

e~



Perfect B,[0, £] Sets

Q(B) ={ibmodgq | b € B,i €[0,7¢]}.

Upper bound:

QB)|=ftm+1< q

T

perfect if equality

B:[0,1](4) = {1,2,3} B:[0,2](5) = {1,4}
Q(B) ={0,1,2,q — 1}. Q(B) ={0,1,2,3,q — 1}.
Perfectl! Perfectl



Extensions

e More than 1 error (1>1)
- B;[0,?](q) sets, distinct sums of t products

e Symmetlric limited magnitude errors
- B{|—*¢,?](q) sets

e Unbalanced limited magnitude errors
- B1[—?1,22](q) sefts




