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Coding: The General Problem 
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Classical Coding Theory 
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Multi-Level Flash Storage 



Dominant Flash Errors 
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             Example,  

18 information bits 
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n = 7  8-ary cells (q=8) 

, the Binary Hamming Code 



Decoding Example 
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Systematic ALM Codes, 𝑡 = 1, ℓ = 1 

n = 15  4-ary cells (q=4) 

Encoding? 



Sufficient and Necessary Condition 

n = 15  4-ary cells (q=4) 

Correcting 1 error? Unique syndromes to 
1-error events 



Algebraic Condition 

n = 15  4-ary cells (q=4) 

Unique syndromes to 
1-error events 

(+1) ∙ 𝑠1 = (+1) ∙ 𝑠2 NO! 

(+1) ∙ 𝑠1 = 𝟎 NO! 



Systematic ALM Codes, 𝑡 = 1, ℓ = 𝟐 

n = 12  5-ary cells (q=5) 

Encoding 



Algebraic Condition, ℓ = 𝟐 

n = 12  5-ary cells (q=5) 

𝛼1 ∙ 𝑠1 = 𝛼2 ∙ 𝑠2 NO! 

𝛼1, 𝛼2 ∈ {+1, +2} 



Decoding Example, ℓ = 𝟐 

n = 12  5-ary cells (q=5) 

s =
3
1

 
Received syndrome: 

Was it a (+1) error? No. 

It was a (+2) error. Where? (+2)−1∙ 3 = 3 ∙ 3 = 4 mod 5 

Where exactly? (+2)−1∙ 1 = 3 ∙ 1 = 3 mod 5 



Single Error Correction through 

𝐵1[0, ℓ] Sets 
Definition – 𝐵1[0, ℓ](𝑞) set: 

For a set B of size m, define 

 

 

 

Then B is a 𝐵1[0, ℓ](𝑞) set iff 

Ω 𝐵 = 𝑖𝑏 mod 𝑞  𝑏 ∈ 𝐵, 𝑖 ∈ [0, ℓ]}. 

Ω 𝐵 = ℓ𝑚 + 1. 

Examples: 

𝐵1 0,1 (4) =  {1,2,3} 

Ω 𝐵 = {0,1,2,3}. 

𝐵1 0,2 (5) =  {1,4} 

Ω 𝐵 = {0,1,2,3,4}. 

or  {2,3} 



Construction from 𝐵1[0, ℓ] Sets 

Examples: 

1) 𝐵1 0,1 (4) =  {1,2,3} 

2) 𝐵1 0,2 (5) =  {1,4} 



2nd Step Correctness 

1) 𝐵1 0,1 (4) =  {1,2,3} 

𝛼𝑥1 ≠ 𝛼𝑥2 



2nd Step Correctness 

2) 𝐵1 0,2 (5) =  {1,4} 

𝛼𝑥1 ≠ 𝛼𝑥2 

𝛼𝑥 ≠ 0 

gcd 𝛼, 𝑞 = 1 

gcd ℓ!, 𝑞 = 1 



Perfect 𝐵1[0, ℓ] Sets  

Ω 𝐵 = 𝑖𝑏 mod 𝑞  𝑏 ∈ 𝐵, 𝑖 ∈ [0, ℓ]}. 

Ω 𝐵 = ℓ𝑚 + 1 ≤ 

Upper bound: 

perfect if equality 

𝐵1 0,1 (4) =  {1,2,3} 

Ω 𝐵 = {0,1,2, 𝑞 − 1}. 

𝐵1 0,2 (5) =  {1,4} 

Ω 𝐵 = {0,1,2,3, 𝑞 − 1}. 

Perfect! Perfect! 

𝑞 



Extensions 

• More than 1 error (t>1) 

– 𝐵𝑡 0, ℓ (𝑞) sets, distinct sums of t products 

• Symmetric limited magnitude errors 

– 𝐵1 −ℓ, ℓ (𝑞) sets 

• Unbalanced limited magnitude errors 

– 𝐵1 −ℓ1, ℓ2 (𝑞) sets 

 

 


